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I. INTRODUCTION
The noise analysis of submicron semiconductor devices has recently attracted much attention. The modeling of noise in these devices, where both space-inhomogeneous and hotcarriers conditions may be involved, is based mainly on numerical procedures, like the Monte Carlo method 1 or the hydrodynamic approach. 2 In addition to the numerical techniques a simple analytical analysis of local contributions to the net noise of different space regions may provide a better insight into the noise properties of the device, as it was recently demonstrated. 3 The spatial analysis of the local noise distribution is usually carried out by using the impedance field method originally proposed by Shockley, Copeland, and James 4 and later developed by van Vliet et al. 5 This method is based on the procedure of summing up the contributions from different slices of a device to the total terminal noise by taking into account two essential aspects: ͑i͒ the strength of the fluctuation at each slice, which is described as a local ͑microscopic͒ noise source and associated with a particular microscopic process; ͑ii͒ the spatio-temporal evolution of the fluctuation while transferring to the device terminals where the noise is measured. This propagation of the fluctuation is represented by the impedance field, which, in a one-dimensional ͑1D͒ geometry, is a scalar function ٌZ(x). Using this concept the spectral density of fluctuations of the voltage drop V between two probing terminals under constant-current operation can be expressed as [4] [5] [6] [7] S V ϭA ͵ ϪL L ٌ͉Z͑x͉͒ 2 
K͑x͒dx, ͑1͒
where A is the cross-sectional area of the sample, the kernel K(x) is the noise source at slice x, and the integration is taken between the terminals separated by a distance 2L. The noise sources are usually assumed to be uncorrelated due to much shorter time scale of the corresponding microscopic ͑Markovian͒ process in respect to the macroscopic propagation of the fluctuation along the device. The expressions for the noise sources are basically the same as those used in the Langevin response formulation and they are assumed to be given a priori and in most of the cases can be found in literature. 8 When the noise is mainly due to velocity fluctuations of carriers ͑diffusion noise͒ and the heating of carriers is small, the noise source can be expressed through K(x) ϭ4q 2 n(x)D(x), where q is the electron charge, n(x) is the local density of carriers, and D(x) is the local diffusion coefficient. 5 Hence, the noise problem can be solved, whenever the impedance field ٌZ(x) is known.
The expressions for ٌZ are determined by the particular form of the carrier transport operator involved. When the diffusive part of the current is neglected and only the drift part is considered, the analytical formulas for the impedance field have long been known. 6 The purpose of this article is to present the method to calculate in a closed analytical form the impedance field and the local noise distribution for a more general case, when both the drift and diffusion contributions to the current are important, thus completing and extending the preliminary report of the subject. 3 The advantage of our analytical procedure is that if the spatial profile for the steady-state electric field is known, the local noise, as well as the total terminal noise, can be calculated immediately by means of a simple integration. Moreover, the mobility and the diffusion coefficient are allowed to be electric-field dependent, so that the hot-carrier regime is also included. 9 To illustrate the implementation of the method we consider the n ϩ n homojunction under nonequilibrium electron transport conditions, for which the spatial distributions of the electric field and the carrier concentration are strongly nonuniform. We note, however, that our method can also be effectively applied to other nonhomogeneous systems. In particular, application of The content is organized as follows. In Sec. II the driftdiffusion framework of an n ϩ n junction is described, which will be used as a basis for both steady states and noise calculations. In Sec. III we outline the mathematical formalism of the impedance field method as applied to the noise analysis of the junction of the same semiconductor with different doping levels. As a result an analytical formula for the impedance field of the junction will be obtained which contains, in addition to the standard bulk contributions the sample-contact cross-correlation term. The physical origin of that term is the long-range Coulomb interaction induced by a space charge near the contact, and its physical meaning will be discussed in Sec. IV. The simple analytical formulas for the impedance and the noise of the junction under equilibrium conditions are presented in Sec. V. It is demonstrated that the sample-contact correlation terms are necessary to fulfill the Nyquist theorem. Section VI describes the fluctuations at the junction under nonequilibrium transport conditions ͑positive and negative biases͒. Finally, Sec. VII summarizes the main contributions of the article.
II. DRIFT-DIFFUSION MODEL
Consider an n ϩ n semiconductor junction ͑Fig. 1͒ in which the high-doped region n ϩ extends from ϪL to 0, and the low-doped region n extends from 0 to L, so that the doping profile is
, with being the Heaviside function. The n and n ϩ parts are considered to extend over distances much larger than the largest screening length L D in the system to guarantee that the effects of the junction have died out. This means a local charge neutrality on the ends of the junction.
The electron transport in the drift-diffusion approximation is governed by the current and Poisson equations
where n(x,t) and E(x,t) are the electron density and the local electric field. The drift velocity v(E) and the diffusion coefficient D(E) depend, in general case, on the electric field. The current across any section of the junction j(x,t)A is the sum of the conductivity-, diffusion-, and displacementcurrent contributions, and it is conserved and equal to the current in the external circuit I(t).
We are interested in modeling the low-frequency plateau of the noise spectrum, corresponding to the time scale much longer than the dielectric relaxation time. Due to the frequency range chosen, the displacement current can be neglected. Eliminating n, the system ͑2͒, ͑3͒ for the steadystate regime yields a nonlinear second-order differential equation for the steady electric-field profile E(x). Since we shall look for the linear perturbation of that equation separately for two different parts of the junction, we write down the steady-state equations for both regions:
Here the profiles for the drift velocity v(E) and diffusion coefficient D(E) are assumed to be different for two regions. For the n ϩ region we marked them by tilde to distinguish from those for the n region. At the interface xϭ0 the density and electric field are continuous: E(Ϫ0)ϭE(ϩ0), n(Ϫ0)ϭn(ϩ0), while at xϭϮL a local charge neutrality, that is, n(ϮL)ϭN D ϯ and (dn/dx) xϭϮL ϭ0, is assumed to be reached.
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III. IMPEDANCE FIELD OF THE JUNCTION
Now we apply the transfer impedance method 5 to find the impedance field of the junction. The impedance field ٌZ(x) is the basic transport concept, through which both the impedance: Zϭ͐ ϪL L ٌZ(x)dx, and the noise ͓see Eq. ͑1͔͒ are easily expressed. It should be noted, however, that in our problem we cannot obtain the impedance field from the standard formula
since it is impossible to determine the transfer impedance matrix ͑Green function͒ z(xЈ,x) for the whole junction. Nevertheless, we shall demonstrate, that by introducing two different Green functions for each part of the junction with the appropriate boundary conditions at the interface it is possible to find an analytical expression for ٌZ, but it will be different from Eq. ͑5͒. Therefore, we use a more general approach and our scheme will be as follows.
First, we find the linear response of the field ␦E x to a small perturbation of the current ␦I x at slice x around its stationary value. Then, after the integration of ␦E x throughout the junction between the probing terminals, we compute the fluctuation of the voltage ␦V. Finally, the impedance field ٌZ(x) can be extracted from the integral
Consider first the n region, 0ϽxϽL. By linearizing Eq. ͑4a͒ one gets a linear nonhomogeneous equation for the electric-field perturbation ␦E x in the form
͑7͒
with the operator L given by 
͑8͒
Note that, since we include diffusion, L is a linear secondorder differential operator with space-dependent coefficients, in contrast to the previous simpler studies 6, 7 where it was of the first order.
The general solution of Eq. ͑7͒ can be written in the form
where
is the Wronskian, and (x) and u(x) are auxiliary functions, satisfying the equa-
e., they are the solutions of the homogeneous equation corresponding to Eq. ͑7͒.
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For the first auxiliary function we find
since it coincides with the translational ͑Goldstone͒ mode in the case of an unbounded sample. Physically, from the Poisson equation, (x) is the spatial distribution of the net charge.
The second function can be found from the first one as
The Wronskian W(x), in fact, does not depend on the functions (x) and u(x) and can be determined from Abel's relation for the operator L :
The value of the integration constant W(0) is not actually important, since it will be canceled after substituting Eqs. ͑11͒ and ͑12͒ into Eq. ͑9͒, so we can assume W(0)ϭ1. The integration constants C 1 and C 2 in Eq. ͑9͒ are determined by the appropriate boundary conditions at xϭ0 and xϭL. We take (L)ϭ0, which is imposed by the quasineutrality condition at the ends of the junction. 11 Because of a freedom for the second boundary condition ͑it does not influence on the final results͒, we take it as u(0)ϭ0, which corresponds to the homogeneous boundary conditions for the Green functions of the operator L and provides the most compact intermediate expressions. Since we want to match the solution ͑9͒ with that for the other part of the junction, we rewrite Eq. ͑9͒ in another equivalent form containing explicitly the boundary values for ␦E
where we have denoted ⌿()ϭ⑀AD()W(), and ␦E ϩ0 and ␦E L are the fluctuating electric fields at xϭ0 and x ϭL, respectively. For the n ϩ region, ϪLϽxϽ0, one can define the operator L similar to Eq. ͑8͒ ͑marking the quantities by tilde͒ and find the solution in the form
with ⌿ ()ϭ⑀AD ()W (). Since we shall calculate fluctuations near the interface and the contribution to the noise in that region from distances much larger, than the Debye length is screened out, we can impose ␦Ẽ ϪL ϭ␦E L ϭ0. The continuity of the electric field at xϭ0 implies ␦Ẽ Ϫ0 ϭ␦E ϩ0 ϵ␦E 0 . Thus, Eqs. ͑13͒ and ͑14͒ become 
where n(0) is the steady-state electron density at the interface. Thus, the function (x) is discontinuous at xϭ0 with a fixed jump proportional to the difference in the doping
Differentiating Eq. ͑15͒ and using the continuity of the electric charge at the interface d␦Ẽ/dx (Ϫ0)ϭ d␦E/ dx (ϩ0), we find the stochastic value for the fluctuation of the electric field ␦E 0 in the form
͑19͒
The parameter L n has a dimension of length, and it is inversely proportional to the gradient of the carrier density at the interface (dn/dx) xϭ0 . At equilibrium, e.g., L n is of the order of the screening length L D ϩ of the n ϩ region, as it will be shown in Sec. V.
Equations ͑15͒ and ͑18͒ clearly demonstrate, that unlike previous approaches 6,7,13 the fluctuation ␦E x at point x has contributions from noise sources located both to the left and to the right from the point x. Those contributions are represented by the Green functions ͑16͒. The additional terms with ␦E 0 give the contribution coming from the fluctuation of the field at the interface xϭ0. The latter is the result of the self-consistent matching of two regions and it contains contributions from all the points of both parts of the junction ͓see Eq. ͑18͔͒. Hence, the fluctuating field in our approach is globally coupled throughout the junction and includes the correlation effects across the interface. In addition, Eq. ͑15͒ apart from allowing us to derive explicit expressions for the impedance field and voltage fluctuations ͑see below͒, it could also be used to evaluate the spatial correlations of the electric-field fluctuations ͗␦E x ␦E x Ј ͘ between two different points ͑regions͒ under nonhomogeneous conditions. These correlations are active over the characteristic screening length of the system. In particular, the spatial distribution of the correlator ͗␦E 0 ␦E x ͘ for the n ϩ n junction at equilibrium can be found in Ref. 3 .
The fluctuation of the terminal voltage is the sum of the voltage fluctuations on the connected in series regions ͑see
stituting Eqs. ͑15͒ and ͑18͒ and changing the order of integration of the Green functions we get
where the constant
having a dimension of length, is determined by the electricfield gradient at the interface. In fact, L E is related to the space charge of the dipole created across the junction.
Comparing
which contains the bulk impedance fields for the ''decoupled'' n and n ϩ regions
and the additional terms appeared due to the n ϩ -n coupling
The physical origin of the terms ٌZ c (x) and ٌ Z c (x) is the long-range Coulomb interaction across the junction interface.
Having ٌZ jun (x) one can find the spectral density of the voltage fluctuations across the junction as
Thus, the spectral density of the voltage fluctuations is completely expressed through the steady-state quantities, provided the noise sources K(x) are known. The final expression ͑25͒ clearly distinguishes the origin of fluctuations, represented by the local source K(x), from their transmission towards the terminals ͑where the fluctuations are measured͒ described by the impedance field ٌZ jun (x). It should be noted, that the latter is determined by the particular form of the differential operators, which are the operators L and L in our case of the drift-diffusion model. Such consideration is very useful in order to characterize the local contribution of different space regions to the net noise, by introducing the quantity s V (x), such that S V ϭA͐ ϪL L s V (x)dx. In our case, for future analysis, it can be split up into three parts s V (x)ϭ ͚ kϭ1 3 s k (x), with 
IV. SAMPLE-CONTACT CROSS-CORRELATIONS
In addition to the standard terms ٌZ(x) and ٌ Z(x) in Eq. ͑25͒, we note the presence of ٌZ c (x) and ٌ Z c (x), which is a consequence of the cross-correlation between the contact n ϩ and the bulk n. This fact can be seen by noting that these additional contributions can be all expressed in terms of the correlations involving the fluctuating electric field at the interface ␦E 0 as follows.
The noise spectral density S V measured in the bandwidth ⌬ f consists of three parts:
L ͗␦E x ␦E x Ј ͘dxdxЈ is the one for the n region, and
is the crosscorrelation term representing the voltage correlation between two regions ͑see notations in Fig. 1͒ . Using Eq. ͑15͒ and the expressions for the current-noise sources
with L E1 ϭ͓E(0)ϪE(ϪL)͔/ (0) and L E2 ϭ͓E(L)ϪE(0)͔/ (0). Adding all the contributions and using L E ϭL E1 ϩL E2 ͓see Eq. ͑21͔͒ for the total voltage noise we obtain
͑31͒
Equation ͑31͒ is equivalent to Eq. ͑25͒, that can be easily checked after substituting ␦E x , ␦E 0 , and using the currentnoise sources ͑27͒.
The first two terms in rhs of Eq. ͑31͒ are standard and represent the noise spectral densities of two ''separate'' regions as calculated by the so-called ''salami'' method, 5 which treats the different slices of the sample to be uncorrelated. The correlations, represented by the third and forth terms, are expressed through the correlator of the electricfield fluctuations ͗␦E x ␦E 0 ͘ between the point x and the interface. Since ␦E 0 is not assumed to be zero, but naturally appears from the matching conditions ͓see Eq. ͑18͔͒, the contribution of the cross-correlation terms is finite and it is appreciable in the vicinity of the interface, as it will be shown below.
Notice that the additional terms representing the crosscorrelations depend on L E . When the space charge of the dipole created at the interface vanishes ͑quasineutrality͒ L E →0 and the contribution of the cross-correlation terms disappears.
V. EQUILIBRIUM NOISE OF THE JUNCTION AND THE NYQUIST THEOREM
To illustrate the importance of the cross-correlation effects let us first consider the equilibrium case Iϭ0, for which all the expressions are considerably simplified, but the typical behavior of the quantities of interest is kept.
We take v(E)ϭE, Dϭk B T/q, K(x)ϭ4q 2 Dn(x), with ϭvЈ(E)͉ Eϭ0 being the low-field Ohmic mobility, and the same expressions for the tilde functions. For simplicity we consider the corresponding parameters for both regions ͑except doping͒ to be equal. 
. Thus, integrating the Poisson equation ͑3͒ one gets
Equating the electric field at xϭ0 yields the exact value for (0)ϭln␣/(␣Ϫ1)Ϫ1, which is used as a boundary condition for both regions to compute numerically Eq. ͑32͒. Then, E(x) and n(x) can be restored by differentiating (x). The results for the typical doping ratio ␣ϭ0.01 are presented in Fig. 2 ͑thick solid lines͒. The charge is redistributed near the interface to equilibrate the Fermi levels of the regions with different doping, forming a dipole layer with a positive charge at the n ϩ side and a negative charge at the n side ͓see Fig. 2͑a͔͒ . The dipole produces a spike of the electric field at the contact ͓Fig. 2͑b͔͒, which extends over several Debye
It is interesting to note, that for large doping ratio (␣Ӷ1) the limiting values at the interface n(0)ϷN D
ϩ /e, E(0)ϷE th ͱ2/e are constant and do not depend on the
.71 828 . . . ). In this limit the length parameters L n and L E , characterizing the spatial extension of the cross-correlation effects, simply become
At equilibrium all the expressions are simplified:
is the screening length corresponding to the electron density at the interface. Substituting these relations into Eqs. ͑23͒ and ͑24͒ we obtain
͑33͒
where R(x)ϭ͓qAn(x)͔ Ϫ1 is the local ͑per unit length͒ resistance and similar expressions hold for the tilde function (n ϩ region͒. The impedance field of the junction then coincides with the local resistance ٌZ jun eq ͑ x ͒ϭR͑ x ͒͑ Ϫx ͒ϩR͑ x ͒͑ x ͒. ͑34͒ Figure 3 shows spatial profiles for ٌZ jun eq (x) and its components ٌZ eq (x) and ٌZ c eq (x) calculated from ͑33͒ by using the equilibrium distribution n(x). The cross impedance field ٌZ c eq is seen to give the main contribution near the interface. Whereas for xӷL D Ϫ the impedance is determined mainly by the bulk term ٌZ eq . Note, that it is impossible to obtain those profiles to be continuous across the junction in the simplified framework, 6, 7 which does not take into account the diffusion current.
For the local noise contributions ͑26͒ one gets
Hence, for the net local noise s V eq (x)ϭ ͚ k s k eq (x)ϭ4k B TR(x), which is the Nyquist theorem, since R(x) is the local resistance. It should be pointed out that in recovering the Nyquist theorem all contributions, including the cross-correlations, have been necessary. The spatial profiles s k eq (x) calculated from Eq. ͑35͒ by using the equilibrium steady-state distributions are shown in Stationary profiles of the electron density n ͑a͒, the electric field E ͑b͒, and the electric potential ͑c͒ over n ϩ n junction for different currents
the active length of the n region ϳL D Ϫ operating in the spillover regime 14 ͓when n(x)ӷN D Ϫ due to large injection from the contact͔ the cross-correlation term will be comparable with the contribution from the bulk. This means, that the fluctuations inside the device depend crucially on the fluctuations in the contact, and all of them can be properly estimated by our technique.
VI. NONEQUILIBRIUM FLUCTUATIONS
For finite currents the stationary solutions can be found from Eq. ͑4͒, which depend only on two dimensionless parameters ͓for the given shapes v(E) and D(E)]: the doping ratio ␣ and the normalized current JϭI/I R , with
For the sake of simplicity and in order to demonstrate the general features of the noise behavior independently of the parameters of the material we present here the results only for Ohmic case: v(E)ϭE, Dϭk B T/q for which the mobility and the diffusion coefficient D are constant. Although the explicit fielddependent shapes appeared in the hot-carrier transport regime may also be used without additional difficulties. Equation ͑4͒ is solved numerically giving the spatial profiles E(x) for the doping ratio ␣ϭ0.01 and different currents J. The results are presented in Fig. 2͑b͒ . The stationary distributions n(x) and (x) obtained from the electric-field profiles are shown in Figs. 2͑a͒ and 2͑c͒. At equilibrium (Jϭ0) we remark a finite bias ͑built-in voltage͒ between the contacts ͓Fig. 2͑c͔͒ due to a redistribution of charge across the junction. When an additional external voltage bias is applied, the physical behavior is quite different depending on the sign of the bias. By applying a positive potential to the n part of the junction, the potential minimum is formed near the interface ͓Fig. 2͑c͔͒, and the current is negative ͑electron flux is from n ϩ to n). While negative bias results in a positive current ͑electron flux is from n to n ϩ ). It is seen that the distributions are changed mainly in the n region, since the values of the current of the order of I R are too small to modify the spatial distributions in the high-doped region n ϩ . The corresponding spatial profiles for the impedance field ٌZ(x) and the local voltage noise s V (x) for different currents J are shown in Figs. 5 and 6, respectively. It is seen, that for positive currents the noise is reduced near the interface in respect to its equilibrium value, whereas for negative currents the noise is increased within several L D Ϫ from the interface. Similar behavior occurs for the sample-contact correlation terms s 2 (x)ϩs 3 (x). For JϾ0 the region over which the correlations are important becomes more extended, for JϽ0 we observe an opposite behavior: reduction of the correlation extension with an enhancing of their amplitude near the interface ͑Fig. 7͒. From the spatial profiles of Figs. 5 and 6 the total impedance Z and the voltage terminal noise S V are found. Then the spectral density of the current fluctuations S I and the noise temperature T n can also be estimated from S I ϭS V /Z 2 , and 4k B T n ϭS I Z. Figure 8 illustrates that the noise temperature T n of the junction increases for the negative voltage biases, while for the positive biases it decreases in respect to the lattice temperature T. For Jϭ0, T n ϭT in accordance with the Nyquist theorem.
VII. SUMMARY
In this work we have presented the analytical procedure to compute the local noise distribution in highly inhomogeneous semiconductor structures for the case when both the drift and diffusive current components are relevant. Our method allows us to solve analytically the second-order differential equation for the field fluctuations, whereas the previous studies have been restricted to the case when the drift current dominates, thus leading to the simpler first-order differential equation.
We note, that including the diffusion current into consideration allows one to analyze the noise properties of highly inhomogeneous systems, where accumulation and/or depletion layers are present. Besides this, the spatial cross correlations between different parts of a device or between a device and a contact can be studied easily. Our results emphasize the importance of the spatial correlations in semiconductor devices over the distances of the order of the characteristic Debye screening length L D . In particular, the spatial correlations between the sample and the contact are demonstrated to be essential on that scale.
We argue that the present technique is quite universal and can be incorporated into any device model based on the drift-diffusion approach and its modifications. 15 Our work, then, offers new perspectives on what concerns the analysis of the local noise and the spatial correlations in devices with inhomogeneous distributions of field and charge concentration, like n ϩ nn ϩ diodes, Schottky barrier diodes, 10 fieldeffect transistors, etc. 
